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Let G be a complete graph K, (or a complete bipartite graph K,.,,,) with its 
lines colored so that no point is on more than k lines of the same color. I f  
p > 17k (or m > 25k) then G has a cycle of every possible size with adjacent 
lines different colors. 
1. INTRODUCTION 
Throughout this paper G will denote a complete graph K, (or a complete 
bipartite graph Km,,) with its lines colored so that no point is on more than 
k lines of the same color. A path a&c of length 2 in G is called an elbow 
at b if the lines ab and bc have the same color. The graph G is said to have 
AC, (r = 3, 4,..., p) if G contains a cycle of length r without elbows. 
The main object of this paper is to prove the following result: 
THEOREM 1. If p 3 17k, then G has AC, for r = 3,4 ,..., p. 
P. Erdos proved that there is a constant c such that if p > kc then G has 
an alternating Hamiltonian cycle. We wish to thank him for showing us 
his proof. He has now written a joint paper with B. Bollobas on the 
subject. 
LEMMA 1. If 1 < s < r, then 
ProoJ Straightforward. 
+ r+l ( 1 2 *
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LEMMA 2. Let K4 be a complete 4subgraph of G without elbows. Let a be 
a point in K4 and ua be a line not in K4 . Then there exists a point b in K, 
dtflerent from a satisfying the condition that: for each point c not in K4 , 
there is a simple path ax,x,b in K4 such that the path uax,x,bv contains no 
elbow. 
Proof. There exist at least two points, say x1 , x2 in K4 such that uax, 
and uaxz are not elbows. Let {b) = K4 - (a, x1, x2>. For each point v not 
in K4, the color of one of the lines bx, , bx, (say bx,) must be different 
from bv. Then ax,x,b will be our required path. 
It follows immediately from Lemma 2 that: 
COROLLARY 1. Let K4 be a complete 4subgraph of G without elbows. 
Let a be a point in K4 and ua a line not in K4 . Then there exists a point b 
in K4 dtxerent from a satisfying the condition that for each point v not in K4 , 
there is a simple path p of length 2 in K4 such that the path upv contains no 
elbow. 
COROLLARY 2. Let HI,..., H, be disjoint complete 4subgraphs of G 
without elbows. Let u, v be points of G not in HI u ..’ u H, . Then there 
exists a simple path without elbows going from u to v. passing through all 
the points of HI u .-* u H, and no other points. 
LEMMA 3. Let r be any positive integer. Zf (k - 1) r(r - l)(r - 2) < 
2(p - 2), then G contains a complete r-subgraph without elbows. 
Proof First fix any point v of G. Assume that there are ki lines at u 
which are colored ci (i = 1, 2,..., t; 1 < ki < k; k, + k, + ... + k, = 
p - 1). Let N be the number of elbows at v. Then 
By Lemma 1, we have 
where h, < h, = ... = h, = k and h, + h, + ... + h, = p - 1. Hence 
N < (h,(h, - 1)/2) + (s - l)(g). But h, + (s - 1)k = p - 1, and so 
s - 1 = (p - 1 - h,)/k. By substitution, we get N < $(h,(h, - 1) f- 
(p - 1 - h,)(k - I)) < &(p - l)(k - 1) since h, - k < 0. Therefore 
the number of complete r-subgraphs containing an elbow at v is at most 
s(p - l)(k - 1)(,?3. Let M be the total number of complete r-subgraphs 
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containing an elbow. Then M < &p(p - l)(k - l)(Ei) < (r) by hypoth- 
esis. This shows that G must contain a complete r-subgraph without 
elbows, completing the proof. 
In the sequel, we shall denote by h the least integer such that 
4(h - k) 2 k. 
LEMMA 4. If p 2 17k, then G contains h disjoint complete 4-subgraphs 
without elbows. 
Proof. We need only to observe that Lemma 3 with r = 4 gives us the 
fact that any graph with 12k points has a complete 4-subgraph without 
elbows and that h disjoint Csubgraphs contain at most 5k + 3 points. 
LEMMA 5. If G contains X disjoint complete 4-subgraphs without elbows, 
then G contains a Hamiltonian cycle without elbows. 
Proof. Let HI ,..., H,+ be disjoint complete Csubgraphs of G without 
elbows. Let X,X, ,..., xt be the longest possible path without elbows in G 
such that x1 E HI, x~$H,u.**uH, for i>l. Let {y,,y, ,..., y,}= 
G\(H, ” *-* u HA u {x1 ,..., xt}). Then r < k - 1 because xtyl , xtyz ,..., 
xt y,. must all be of the same color as x~-~sc~ or else the path can be extended. 
Since 4(h - I) > k, there exist an Hi (i > 1, say i = 2) and a point a2 
in H, such that x,-lxa, is not an elbow. By Lemma 2, there exist a point b, 
in Hz and a simple pathp, in H, from a2 to b, of length 3 such that xtpzy, 
contains no elbow. Again, since 4(h - 2) > k, there exist an Hi (i > 2, 
say i = 3) and a point a3 in H3 such that b, yla, contains no elbow. By 
Lemma 2, there exist a point b, and a simple path p3 of length 3 from a3 
to b, in H such that y,p,y, contain no elbow. In like manner, since 
4(X - k) 3 k, we shall be able to obtain paths pi in Hi (i = 2,..., r + 1) 
and a point a,,, in H,,, such that x,p,y,p,y, ... arpr+I yrar+2 contains 
no elbow. It is now clear that we can apply Corollary 2 of Lemma 2 to 
H t-+2 I H,,, ,.-., H, , HI and the lines y/a,+, , X,X, to complete our required 
Hamiltonian cycle. 
Combining Lemmas 4 and 5, we have 
COROLLARY. Ifp 3 17k, then G has AC,. 
LEMMA 6. Let H, K be two disjoint complete 4-subgraphs of G without 
elbows. Then H u K contains a cycle of length 5 without elbows. 
Proof. Suppose to the contrary that H U K does not contain any cycle 
of length 5 without elbows. Let H = (a, b, c, d> and K = {e,f, g, h). 
Two of the lines ab, ac, ad (say ab, ad) must have different colors from ae. 
58213/2x/2-4 
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Also, two of the lines eJ eg, eh (say ef, eh) must have colors different 
from ae. By Lemma 2, there exists a simple path p of length 3 from a to c 
in H such that the path epe does not contain any elbow. Then the colors 
of ae and ce must be the same, or else we would have a cycle of length 5 
without elbows. Again by Corollary 1 of Lemma 2, there exists a simple 
path q of length 2 from a to c in H such that the path eqfe does not contain 
any elbow. Then the colors of cf and fe must be the same. Similarly the 
colors of eh, he are the same. But then ecfghe would be a cycle of length 5 
without elbows which again contradicts our assumption. Hence we 
conclude that H u K must contain a cycle of length 5 without elbows. 
LEMMA 7. Let H, K be two disjoint complete 4-subgraphs of G without 
elbows. Then H U K contains a cycle of length 6 without elbows. 
Proof. Let H = (a, b, c, d} and K = (e,f, g, h}. Two of the lines ab, 
ac, ad (say ab, ad) must have different colors from ae; also, two of the lines 
ef, eg, eh must have colors different from ae (say ef, eh). By Corollary 1 
to Lemma 2, there exist a path p of length 2 from a to c in H and a path q 
of length 2 from g to e in K ,both without elbows, such that epgqe is a cycle 
of length 6 without elbows. 
Using exactly the same argument as that of Lemma 7, we have: 
LEMMA 8. Let HI ,..., HA be A disjoint complete 4-subgraphs of G without 
elbows. Then HI u *” u HA contains cycles of length 3, 4, 5...., 4X without 
elbows. 
Now, since p 3 17k, we know from Lemma 4 that G contains X disjoint 
complete 4-subgraphs without elbows. By Lemma 8, G thus contains 
cycles of length 3, 4,..., 4X without elbows. Applying exactly the same 
argument as that in the proof of Lemma 5 to a portion of the path 
x1x2 .*. xt and a subset of { y1 ,..., yl.}, we can show that G contains cycles 
of length m for 4;1 < m < n. Hence Theorem 1 is established. 
3. BIPARTITE GRAPHS 
Let G be a complete bipartite graph K,,, with its lines colored so that 
no point is on more than k lines of the same color. We can establish, in 
exactly the same way, the following theorem. 
THEOREM 1’. I f  m 3 25k, then G has AC,, for 1 < r < m. 
The method in proving Theorem 1’ follows our earlier work so faithfully 
that, we merely state without proofs the corresponding lemmas. 
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LEMMA 2’. Let K3,3 be a subgraph of G without elbows and let a, b be 
points in KSz3 such that the line ab is also in KzS3 . Let ua, bv be lines not 
in K3,3 . Then there is a simple path p of length 3 or 5 in KSS3 such that upv 
contains no elbow. 
LEMMA 3’. Zf (k - 1) r2(r - 1) < m - I, then G contains a subgraph 
KrS, without elbows. 
Let us denote by /3 the least integer such that 3(/3 - 2k + 2) 3 k. 
LEMMA 4’. Zf m > 25k, then G contains fl disjoint subgraphs KSS3 
without elbows. 
LEMMA 5’. Zf G contains /3 disjoint subgraphs K3,3 without elbows, then 
G has AC,, . 
4. REMARKS 
In Lemma 4, we show that G contains X disjoint K4 without elbows 
wheneverp 3 17k. Any improvement of this result (say to replacep > 17k 
by p > ck with c < 17) would immediately improve Theorem 1 (and 
correspondingly Theorem 1’). It will really be interesting to know the best 
possible value for c. Is c = 3 good enough? In fact, for k = 2, it has been 
proved in [l] that if p 3 3k, then G has AC, for 3 < r < p. 
It might also be interested to find conditions on G so that G contains 
monochromatic cycles. 
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